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Abstract
We study the extension of holomorphic functions of bounded type defined on an open subset of a Banach
space to larger domains. For this, we first characterize the envelope of holomorphy of a Riemann domain
over a Banach space, with respect to the algebra of bounded type holomorphic functions, in terms of the
spectrum of the algebra. We then give a simple description of the envelopes of balanced open sets and relate
the concepts of domain of holomorphy and polynomial convexity. We show that for bounded balanced sets,
extensions to the envelope are always of bounded type, and that this does not necessarily hold for unbounded
sets, answering a question posed by Hirschowitz in 1972. We also consider extensions to open subsets of
the bidual, present some Banach–Stone type results and show some properties of the spectrum when the
domain is the unit ball of p .
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This work was motivated by the following question: given an open subset U of a complex
Banach space, which is the largest open set containing U to which holomorphic functions of
bounded type on U extend uniquely? As could be expected, to properly pose and study the
problem, we must expand our investigations to the Riemann domain framework. Our problem
translates, then, to the characterization of the envelope of holomorphy of a Riemann domain
modeled on a Banach space, with respect to the algebra of analytic functions of bounded type.
Loosely speaking, if X is a Riemann domain over the Banach space E, the Hb-envelope of holo-
morphy of X is the largest Riemann domain (over E) “containing X” to which every holomorphic
function of bounded type on X has a unique holomorphic extension. We show in Theorem 1.2 that
the Hb-envelope of holomorphy of X can be identified with a subset of the spectrum of Hb(X),
the algebra of all holomorphic functions on X of bounded type.
When we return to our original motivation and start with an open set U ⊂ E, we want to
find conditions on U that ensure its envelope to be also an open subset of E (in this case, the
envelope is said to be schlicht or univalent). In this context, we show in Theorem 2.2 that, if
U is a balanced open subset, then its envelope of holomorphy is univalent and has a simple
description in terms of the polynomially convex hull of U . If U is also bounded, extensions
to the envelope are of bounded type (Theorem 2.4). However, we construct in Example 2.8 an
unbounded balanced open subset of c0 for which extensions to the envelope are not necessarily
of bounded type, answering a question of Hirschowitz [16, Remarque 1.8]. We also relate the
polynomial convexity to the property of being an Hb-domain of holomorphy, showing that these
two concepts coincide for bounded balanced open sets (Theorem 2.4).
In Section 3 we consider extensions from U ⊂ E to open subsets of the bidual of E, with
particular interest in the Aron–Berner extension [1]. For a balanced subset U of a symmetrically
regular Banach space E, we describe in Proposition 3.3 the largest open subset of E′′ to which
there exist Aron–Berner extensions of functions in Hb(U). This set could be seen as the envelope
of U in the sense of Dineen and Venkova’s work [14].
In Section 4 we consider Banach spaces for which finite type polynomials are dense in Hb(E).
When they are also reflexive, they are called Tsirelson-like spaces (see [24]). We show in Theo-
rem 4.1 that Tsirelson-like spaces are precisely the spaces for which the holomorphic convexity
of a balanced open set U is equivalent to all the elements of the spectrum being evaluations at
points in U , extending some results of [20] and [24]. This means that Tsirelson-like spaces are
the only spaces that behave as in the several complex variables theory. We characterize the den-
sity of finite type polynomials in terms of the image of the spectrum of Hb(U) by its canonical
projection on E′′. We also give a Banach–Stone type result (Theorem 4.4) which improves some
results in [24] and [8].
In the last section we present some properties of Mb(U), the spectrum of Hb(U), extending
the study of [5] and [8]. In the case U = E, it was shown in [13, Section 6.3] that bounded type
entire functions extend to holomorphic functions on the spectrum of Hb(E) that are of bounded
type on each connected component. We prove, in contrast, that in most cases there are polynomi-
als whose extensions are not of bounded type on the whole Riemann domain Mb(E). Then we
concentrate in the case U = Bp to show that the structure of the spectrum is not what one might
expect from the case U = E, with E a symmetrically regular Banach space. In the latter case,
Mb(E) is the disjoint union of copies of E′′. However, we show that Mb(Bp ) is not a disjoint
union of “unit balls”. For p ∈ N, we also define a distinguished spectrum on which the canonical
extensions are of bounded type and which turns out to be an Hb-domain of holomorphy.
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type, the envelope of holomorphy can be described in terms of the spectrum of the algebra H(X)
of all analytic functions on X. This idea stems from Bishop, who introduced an analytic structure
in the spectrum that makes it a Riemann domain [6]. In the infinite dimensional setting, most of
the study was done for the space of all holomorphic functions on open subsets of Banach and
more general locally convex spaces (see, for example, [17–19,22]). The study of the spectrum of
the algebra of holomorphic functions of bounded type on a Banach space was initiated in 1991
by Aron, Cole and Gamelin in their seminal article [3]. Recall that a Banach space E is said to be
(symmetrically) regular if every continuous (symmetric) linear mapping T :E → E′ is weakly
compact (an operator T :E → E′ is symmetric if T x1(x2) = T x2(x1) for all x1, x2 ∈ E). In [5,
Corollary 2.2] Aron, Galindo, García and Maestre gave Mb(U) a structure of Riemann analytic
manifold modeled on E′′, for U an open subset of a symmetrically regular space E. For the case
U = E, Mb(E) can be viewed as the disjoint union of analytic copies of E′′, these copies being
the connected components of Mb(E). In [13, Section 6.3], there is an elegant exposition of many
of these results. The study of the spectrum of the algebra of the space of holomorphic functions
of bounded type was continued in [8]. The analytic structure of Mb(X) for X a Riemann domain
over a symmetrically regular Banach space E was presented by Dineen and Venkova in [14].
Throughout this paper E and F will be complex Banach spaces. We denote by P(nE) the
Banach space of all continuous n-homogeneous polynomials from E to C, and by P(E) the
class of all continuous polynomials. If U is an open subset of E, H(U) denotes the space of
all holomorphic functions on U . A holomorphic function f :U → C is of bounded type if it is
bounded on U -bounded sets (i.e., bounded subsets that are bounded away from the boundary
of U ). We denote by Hb(U) the space of all analytic functions of bounded type, which is a
Fréchet space when endowed with the topology of uniform convergence on U -bounded sets. It
is known that for balanced open sets U , polynomials are dense in Hb(U) (see, for example, [18,
Theorem 7.11]).
We refer the reader to the already mentioned articles [3,5,14] for a description of Mb(U) and
Mb(X) and their analytic structure (see also [8]), and to the books by Dineen [13] and Mujica
[18] for a more extensive treatment of infinite dimensional holomorphy.
1. The Hb-envelope of holomorphy
A Riemann domain (X,p) over the Banach space E is a Hausdorff topological X space with
a local homeomorphism p :X → E. For each x ∈ X we define distX(x) as the supremum of all
r > 0 for which there exists a neighborhood of x homeomorphic via p to B(p(x), r). We say
that A ⊂ X is X-bounded if p(A) is bounded and
distX(A) := inf
{
distX(x): x ∈ A
} (1)
is positive. The definition of Hb(X) is now clear: bounded type holomorphic functions on X
are those which are bounded on X-bounded sets. The space Hb(X) is a Fréchet algebra when it
is considered with the topology of uniform convergence on X-bounded sets. By a fundamental
sequence of X-bounded sets we mean a sequence (An)n of X-bounded subsets such that if B is
another X-bounded subset, then there exists n0 with B ⊂ An0 . A typical fundamental sequence
of X-bounded sets is given by (Xn)n with
Xn :=
{
x ∈ X: distX(x) 1 and
∥∥p(x)∥∥ n}. (2)
n
D. Carando, S. Muro / Advances in Mathematics 229 (2012) 2098–2121 2101We will denote by Mb(X) the spectrum of the algebra Hb(X), that is, the set of all non-zero
continuous, linear and multiplicative functionals on Hb(X). Thus, for each ϕ ∈ Mb(X) there
exists an X-bounded set B such that |ϕ(f )| supx∈B |f (x)|, for all f ∈ Hb(X). In this case, we
will write ϕ ≺ B . We also set
‖f ‖B := sup
x∈B
∣∣f (x)∣∣.
For X = U ⊂ E an open subset, we define an application π :Mb(U) → E′′ by π(ϕ) = ϕ|E′ .
If E is symmetrically regular, this mapping π provides the local homeomorphism that makes
Mb(U) a Riemann domain over E′′ [5]. For a general Riemann domain (X,p) modeled
over a symmetrically regular Banach space E, the mapping π :Mb(X) → E′′ is defined by
π(ϕ)(γ ) = ϕ(γ ◦ p), and the analytic structure is analogous [14]. Functions in Hb(X) naturally
extend to Mb(X) by the Gelfand transform, and it is shown in [5] and [14] that this extension
is analytic. Symmetric regularity is necessary for the analytic structure of Mb(X) to work [5,
Proposition 2.3], because one has to deal with Aron–Berner extensions. However, if we restrict
ourselves to π−1(E) ⊂ Mb(X), we can do without symmetric regularity. To see this, we first
recall that if f is a holomorphic function on X, its differential at y ∈ X is given by
dnf (y) = dn[f ◦ (p|Vy )−1](p(y)),
where Vy is some neighborhood of y on which p is homeomorphic. Now, fix ϕ ∈ π−1(E) and
δ < 1/distX(ϕ). We can define for each x ∈ E with ‖x‖ < δ
ϕx(f ) =
∞∑
n=0
ϕ
(
dnf (·)
n! (x)
)
. (3)
Just as in [5] or [14], the sets {ϕx : ‖x‖ < δ} (for ϕ ∈ π−1(E) and δ < distX(ϕ)) form a basis of
a Hausdorff topology for π−1(E), and
π |π−1(E) :π−1(E) → E (4)
is a local homeomorphism on each of these sets. This endows π−1(E) with an analytic structure
over E, for which the Gelfand transform of any function in Hb(X) is analytic. So we have the
following.
Lemma 1.1. Let (X,p) be a Riemann domain spread over a Banach space E and let
π :Mb(X) → E′′ be defined as above. Then (π−1(E),π) is a Riemann domain spread over E
(here we consider the restriction of π as in Eq. (4)). Also, any f ∈ Hb(X) extends to an analytic
function on π−1(E) via (the restriction of) the Gelfand transform.
We recall the definition of extension morphism and envelope of holomorphy for a family of
holomorphic functions (see, for example, [18, Chapter XIII]). Let (X,p) and (Y, q) be Riemann
domains spread over a Banach space E. A morphism from X to Y is a continuous mapping
τ :X → Y such that q ◦ τ = p. If F is a subset of H(X), then a morphism τ :X → Y is said to
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that the following diagram commutes:
X
τ
p
Y
q
E
A morphism τ :X → Y is said to be an F -envelope of holomorphy of X if τ is an F -extension
of X and if for each F -extension ν :X → Z of X, there is a morphism μ :Z → Y such that
μ ◦ ν = τ :
Y
q
X
τ
ν
p
Z
μ
E
Regarding holomorphic functions of bounded type, the Hb-envelope of holomorphy was con-
structed by Hirschowitz in [16] by means of germs. For general families of functions F , the
existence of the F -envelope of holomorphy can be seen in [18, Chapter XIII]. We say that a
Riemann domain (X,p) is an Hb-domain of holomorphy if the identity on X is an Hb-envelope
of holomorphy. Loosely speaking, this is to say that X coincides with its Hb-envelope of holo-
morphy.
Our concept of Hb-extension morphism is different from that introduced by Dineen and
Venkova in [14]. The main difference is that in our case, the envelope of a Riemann domain
over E is also modeled on E, while theirs is modeled on E′′ (just as the spectrum [5]).
Now we are ready to give the characterization of the Hb-envelope of holomorphy, which is
very similar to that of several complex variables, especially if E is reflexive.
Theorem 1.2. Let (X,p) be a connected Riemann domain spread over a Banach space E and let
Z be the connected component of π−1(E) ⊂ Mb(X) which intersects δ(X). Then δ : (X,p) →
(Z,π), δ(x) = δx is the Hb-envelope of X.
Proof. Denote by τ : (X,p) → (Y, q) the Hb-envelope of X. As δ : (X,p) → (Z,π) is an Hb-
extension, there exists a morphism μ :Z → Y such that q = μ ◦ δ. For each f ∈ Hb(X) we have
a unique f˜ ∈ H(Y) with f˜ ◦ τ = f . Since (Z,π) is an Hb-extension of (X,p), the function
f˜ ◦μ ∈ H(Z) must be the restriction to Z of the canonical extension of f to Mb(X). Therefore,
ϕ(f ) = f˜ (μ(ϕ)) for all f and then μ(ϕ) uniquely determines ϕ. This means that μ is injective.
Now we see that μ is onto. Since μ is a morphism, μ(Z) is open in Y . Suppose that there
exists y ∈ μ(Z)\μ(Z). For a fundamental sequence of X-bounded sets (Xn)n as in (2), we define
Wn = {ϕ ∈ Z: ϕ ≺ Xn}. From [5] (see also [14, Proposition 1.5]) we have distX(Wn) 1/n and
therefore we can get a sequence of natural numbers (nk)k ∈ N and, for each k, a homomorphism
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fk ∈ Hb(X) for which ‖fk‖Xnk < 1/2k and
∣∣ϕk(fk)∣∣> k + k−1∑
j=1
∣∣ϕk(fj )∣∣.
The series
∑∞
j=1 fj converges to some f ∈ Hb(X) and, since ϕk is a continuous homomorphism,
we have
∣∣ϕk(f )∣∣=
∣∣∣∣∣
∞∑
j=1
ϕk(fj )
∣∣∣∣∣ ∣∣ϕk(fk)∣∣−
∣∣∣∣∣
k−1∑
j=1
ϕk(fj )
∣∣∣∣∣−
∣∣∣∣∣
∞∑
j=k+1
ϕk(fj )
∣∣∣∣∣> k − 1.
This means that |ϕk(f )| → ∞ as k → ∞. But if we take f˜ ∈ H(Y) satisfying f = f˜ ◦ τ , we
also have ϕk(f ) = f˜ (μ(ϕk)), which tends to f˜ (y), a contradiction. Thus, μ(Z) is closed in Y .
Since Y is connected, we conclude that μ(Z) = Y . 
Theorem 1.2 states in particular that the Hb-envelope is part of the spectrum. In other words,
evaluations at elements of the Hb-envelope are always continuous. This also happens for eval-
uations at elements on any other Hb-extension. Indeed, we can proceed as in the beginning of
the previous proof to show that the evaluation on an element of any extension coincides with the
evaluation on some element of the Hb-envelope, which is continuous.
2. Envelopes of open subsets of a Banach space
In this section we restrict ourselves to open subsets of a Banach space E. In order to give a
more precise and concrete description of the Hb-envelope of an open set U ⊂ E, we first define
certain open sets which contain U and to which, under some conditions, functions in Hb(U)
extend.
Let U ⊂ E be an open set and F be a set of functions defined on E (mainly, F will be Hb(E),
P(E) or P(nE) for some n ∈ N). For A a U -bounded set, we define the F -hull of A as the set
ÂF =
{
x ∈ E: ∣∣f (x)∣∣ ‖f ‖A for every f ∈ F}.
For F = Hb(U) (or any set of functions defined on U ), the definition of ÂF is analogous, just
taking x ∈ U instead of x ∈ E in the set above. Given a fundamental sequence of U -bounded
sets (Un)n, such as the one constructed in (2), we define the F -hull of U by
ÛF :=
⋃
n∈N
(Ûn)F .
An open set U is F -convex if ÂF is U -bounded for every U -bounded set A ⊂ U . Our defi-
nition of F -convex set coincides with the notion of strongly F -convex set investigated by Vieira
in [24]. She proved that ÂP(E) = ÂHb(E) for each bounded set A, and as a consequence U is
P(E)-convex if and only if it is Hb(E)-convex. Also, it is easy to see that if U is P(E)-convex,
then it is also Hb(U)-convex. Whenever U is balanced, the P(E)-convexity of U is equivalent
to its Hb(U)-convexity [24, Proposition 1.5].
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f (x) = ϕ(f ) for every f ∈ Hb(E). If Hb(E) is dense in Hb(U), then ϕ is uniquely determined
by x, and we denote it by δx . The set of all evaluation points for Hb(U) will be denoted by Uˇ .
So we have the following.
Lemma 2.1. Let U be an open subset of the Banach space E. For F = P(E) or F = Hb(E) we
have:
(a) both Uˇ and ÛF are open subsets of E, and U ⊂ Uˇ ⊂ ÛF ;
(b) the set U is F -convex if and only if U = Uˇ = ÛF ;
(c) if U is balanced, then Uˇ = ÛF , and they identify with the connected component of π−1(E)
which intersects U (where π :Mb(U) → E′′ is the local homeomorphism).
Proof. (a) It is known that ÛF is open. To see that so is Uˇ , we take x ∈ Uˇ and choose ϕ ∈ Mb(U)
such that ϕ(f ) = f (x) for every entire function of bounded type f . In particular, π(ϕ) = x
and then ϕ actually belongs to π−1(E). We can take δ > 0 such that the homomorphisms ϕy
defined as in (3) belong to π−1(E) for every y ∈ BE(0, δ). Since for every f ∈ Hb(E) we have
ϕy(f ) = f (x + y), we conclude that x + y is in Uˇ for any y ∈ BE(0, δ).
In order to show the inclusion Uˇ ⊂ ÛF , for z /∈ ÛF we take functions fn ∈ F such that
fn(z) = 1 and ‖fn‖Un → 0. Thus, the evaluation at z of bounded type entire functions is not
continuous with the topology induced by Hb(U), and therefore z does not belong to Uˇ .
(b) The “only if” part is a consequence of the definitions and of (a). The “if” part follows from
[24, Lemma 1.3].
(c) If x ∈ ÛF , then there exists n ∈ N such that |f (x)|  ‖f ‖Un for every f ∈ P(E). The
homomorphism δx is then bounded on P(E) with the topology induced by Hb(U). Since U
is balanced, P(E) is dense in Hb(U), so δx extends to an element of Mb(U). This shows that
ÛF coincides with Uˇ (the reverse inclusion was given in (a)) and that it identifies with a subset
of π−1(E) ⊂ Mb(U). Moreover, by [24, Lemma 1.4], ÛP(E) is balanced and hence connected.
Let us see that it is a connected component of π−1(E). We denote by πE :Mb(E) → E′′ the
natural projection associated to the spectrum of Hb(E), to distinguish it from π :Mb(U) → E′′.
By Lemma 1.1, (π−1E (E),πE) is a Riemann domain, and it can be seen as a disjoint union of
copies of E, just as in [5, Corollary 2.5] and the comments previous to it. Since Hb(E) is dense
in Hb(U), the subset π−1(E) of Mb(U) (which is also a Riemann domain over E by Lemma 1.1)
may be embedded in (π−1E (E),πE). Thus, the connected component of π−1(E) which contains
U must be a subset of E. Now, if we take z ∈ E\Uˇ , there cannot be a φ ∈ Mb(U) which coincides
with δz on entire functions (or on polynomials). So the connected component of π−1(E) which
intersects U is Uˇ . 
We are ready to state our characterization of the Hb-envelope of holomorphy of an open
balanced set.
Theorem 2.2. Let U be an open balanced subset of a Banach space E. Then ÛP(E) is the Hb-
envelope of U . Moreover, any f ∈ Hb(U) extends to a holomorphic function f˜ on ÛP(E) which
is bounded on ÂP(E) for every U -bounded set A. Also, for z ∈ ÂP(E) we have δz ≺ A.
Proof. A direct combination of Theorem 1.2 and Lemma 2.1(c) gives the first assertion, and
the fact that any f ∈ Hb(U) extends to a holomorphic function f˜ on ÛP(E). The remaining
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Lemma 2.1. 
It should be pointed out that we cannot expect to extend all the functions of Hb(U) to con-
nected sets with points outside Uˇ . Indeed, suppose V ⊃ U is any connected open set such that
the inclusion U ↪→ V is an Hb-extension. If z ∈ V then δz belongs to Mb(U) by Theorem 1.2
and the comments after it. Moreover, we have δz(f ) = f (z) for every entire function f , so we
conclude that z must belong to Uˇ . By Lemma 2.1(a), we cannot either extend every function in
Hb(U) outside ÛP(E).
It is natural to ask if the extension of a holomorphic function of bounded type on a balanced
open set U to ÛP(E) is necessarily of bounded type. This is the case when U is also bounded. To
prove this we will use the following lemma which states that the polynomial hull of a balanced
set coincides with the intersection of its homogeneous polynomial hulls. This was noticed, for
example, in [23] for balanced sets in Cn.
Lemma 2.3. Let V ⊂ E be an open balanced set. Then
V̂P(E) =
⋂
n∈N
V̂P(nE).
Proof. We only need to prove that
⋂
n∈N V̂P(nE) ⊂ V̂P(E), since the other inclusion is clearly true
for every open set. Suppose z belongs to V̂P(nE) for all n ∈ N and let P ∈ P(E) be a polynomial
of degree k. For any n ∈ N we can write Pn = Q0 + · · · +Qnk , with Qj ∈ P(jE). By Cauchy’s
inequalities, ‖Qj‖V  ‖Pn‖V , and thus
∣∣Pn(z)∣∣=
∣∣∣∣∣
nk∑
j=0
Qj(z)
∣∣∣∣∣
nk∑
j=0
‖Qj‖V 
nk∑
j=0
∥∥Pn∥∥
V
= (nk + 1)‖P ‖nV .
We then have |P(z)| (nk+ 1) 1n ‖P ‖V for every n ∈ N, which implies that |P(z)| ‖P ‖V . 
Theorem 2.4. If U ⊂ E is a bounded and balanced open set, then every function in Hb(U)
can be extended to a holomorphic function of bounded type in ÛP(E). Moreover, ÛP(E) is an
Hb-domain of holomorphy. Hence, U is an Hb-domain of holomorphy if and only if U = ÛP(E).
Proof. Since U is a bounded balanced set, for any sequence of positive numbers rn ↑ 1, the
sets (rnU)n∈N form a fundamental system of U -bounded sets. But ÛP(E) is also bounded and
balanced, so (rnÛP(E))n∈N is a fundamental system of ÛP(E)-bounded sets. Therefore, to see
that extensions are of bounded type on ÛP(E), it is enough to show that rÛP(E) is contained in
(rU)
∧
P(E) for each r < 1 and use Theorem 2.2. Now, for x ∈ rÛP(E) and any Q ∈ P(jE) (j ∈ N)
we have ∣∣Q(x)∣∣= rj ∣∣Q(x/r)∣∣ rj‖Q‖U = ‖Q‖rU .
This means that x belongs to (rU)∧Pj (E) for any j ∈ N, so by Lemma 2.3 we can conclude that
x ∈ (rU)∧ .P(E)
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ÂP(E). By Theorem 2.2 we have δz ≺ A. If we take r < dist(A,E \U), then the homomorphism
(δz)
y given as in (3) is well defined and continuous on Hb(U) for each y ∈ rBE . This means that
BE(z, r) is contained in ÛP(E) and, therefore, dist(z,E \ ÛP(E)) dist(A,E \U). Now we can
adapt the proof of [14, Proposition 2.4] to obtain our result. 
Example 2.8 below shows that if we drop off the assumption of boundedness, extensions to
ÛP(E) need not be of bounded type. However, it is possible to obtain extensions which are of
bounded type “around every point” of ÛP(E) in the following sense.
Proposition 2.5. Let U be a balanced open set. For each y ∈ ÛP(E), there exists a connected
open subset Uy of ÛP(E) containing U ∪ {y} such that the extension to ÛP(E) of any f ∈ Hb(U)
is of bounded type on Uy .
For the proof we will use the following two lemmas, which are similar to some results in [12].
Although we state them for balanced open sets, they also hold for any U for which polynomials
are dense in Hb(U). In the sequel, f˜ denotes the extension of f ∈ Hb(U) to ÛP(E).
Lemma 2.6. Let U be a balanced open set, let A be a U -bounded set and let y ∈ ÂP(E). Then
for each f ∈ Hb(U) we have
∥∥dkf˜ (y)∥∥ sup
x∈A
∥∥dkf (x)∥∥.
Proof. Given φ ∈ P(kE)′, the function φ ◦ dkf is holomorphic and of bounded type on U . Its
(unique) holomorphic extension to ÛP(E) is given by φ ◦ dkf˜ . By Theorem 2.2 we have
∣∣φ(dkf˜ (y))∣∣ ∥∥φ ◦ dkf ∥∥
A
= sup
x∈A
∣∣φ ◦ dkf (x)∣∣ ‖φ‖ sup
x∈A
∣∣dkf (x)∣∣.
Since this is true for every φ ∈ P(kE)′, the result follows. 
Lemma 2.7. Let U be a balanced open set, A be a U -bounded set and let 3d = distU(A). For
z ∈ ÂP(E) we have BE(z, d) ⊂ ÛP(E) and also
‖f˜ ‖BE(z,d)  ‖f ‖A+BE(0,2d)
for every f ∈ Hb(U).
Proof. Let us write C = A+BE(0,2d). For x ∈ A, the previous lemma and Cauchy’s inequali-
ties imply
∥∥∥∥dkf˜ (z)
∥∥∥∥ sup
∥∥∥∥dkf (x)
∥∥∥∥
(
1
)k
‖f ‖C.
k! x∈A k! 2d
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Also, for ‖x‖ < d we obtain
∞∑
k=0
∣∣∣∣dkf˜ (z)k! (x)
∣∣∣∣
∞∑
k=0
∥∥∥∥dkf˜ (z)k!
∥∥∥∥‖x‖k  ‖f ‖C
∞∑
k=0
(
1
2d
)k
dk = 2‖f ‖C.
This is true for every function in Hb(U). In particular for each polynomial P we have
‖P ‖BE(z,d)  2‖P ‖C and taking powers of P we conclude that ‖P ‖BE(z,d)  ‖P ‖C . This im-
plies that BE(z, d) ⊂ ĈP(E) ⊂ ÛP(E). Therefore,
∞∑
k=0
dkf˜ (z)
k! (x) = f˜ (z + x)
and ‖f˜ ‖BE(z,d)  ‖f ‖C . 
Now we are ready to prove our proposition.
Proof of Proposition 2.5. Let A be a U -bounded balanced set such that y belongs to ÂP(E).
By [24, Lemma 1.4] the set ÂP(E) is balanced and hence it contains the segment [0, y] joining
0 and y. By the previous lemma, there exists a U -bounded set C such that, for each f ∈ Hb(U)
and each z ∈ [0, y],
‖f˜ ‖BE(z,d)  ‖f ‖C < ∞,
where 3d = distU(A). If we define
Uy := U ∪
( ⋃
z∈[0,y]
BE(z, d)
)
,
then y belongs to Uy and f˜ is of bounded type on Uy . 
Now we present an open balanced set U ⊂ c0 and a function in Hb(U) which cannot be ex-
tended to a holomorphic function of bounded type in Hb(ÛP(E)). By Theorem 2.2, this answers
for the negative the question made by Hirschowitz in [16, Remarque 1.8]: is the extension of a
function of bounded type to its Hb-envelope of holomorphy necessarily a function of bounded
type? Since by Theorem 1.2 the Hb-envelope is contained in the spectrum, this also shows that
canonical extensions to the spectrum are not always of bounded type (see Section 5 for more on
this question). This example is somehow inspired in [8, Example 7].
Example 2.8. There exist an open balanced set U ⊂ c0 and a function g ∈ Hb(U) whose exten-
sion to ÛP is not of bounded type.
Proof. As a first step, let us see that it is enough to find an open balanced set U ⊂ c0 satisfying:
(a) For each M > 0 there exists k(M) ∈ N such that |x2n+1| < 3/4 for every x ∈ U with
‖x‖ <M and for every n k(M).
(b) The set D := {e2n+1: n ∈ N} is ÛP -bounded.
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g(x) :=
∑
n∈N
(
5
4
x2n+1
)n
.
By property (a), g is of bounded type in U . On the other hand, g(e2n+1) → ∞ and this means,
by (b), that g is not of bounded type on ÛP .
Now we show how to construct U . Define for k, j ∈ N,
pk,j (x) = |kx2k+1 + x2j | + sup
{|xi |: i = 2k + 1, i = 2j},
and Vk,j = {y ∈ c0: pk,j (y) < 1/2}. Let us see that the balanced open set
U =
⋃
k,j∈N
Vk,j + 14Bc0
satisfies properties (a) and (b) above.
To see (a), given x ∈ U with ‖x‖M , we can write x = y + z with 4z ∈ Bc0 and y ∈ Vk,j ,
for some k, j ∈ N. For any n = k, we have |y2n+1| pk,j (y) < 1/2. For n = k, we have
1
2
>pn,j (y) |ny2n+1 + y2j | n|y2n+1| −M − 14
(since |y2j | ‖y‖M + 1/4), and then |y2n+1| < (M + 1)/n < 1/2 whenever n = k is greater
than 2M + 2. As a consequence, if n  2M + 2 we obtain |x2n+1|  |y2n+1| + |z2n+1| < 3/4
(regardless of the relationship between k and n).
To see (b), note that pk,j (e2k+1 − ke2j ) = 0, and then e2k+1 − ke2j belongs to Vk,j for every
k, j ∈ N. This implies that e2k+1 −ke2j + 14Bc0 is contained in U , and then the set Ck := {e2k+1 −
ke2j + 18Bc0 : j ∈ N} is U -bounded for every k ∈ N. Polynomials on c0 are weakly sequentially
continuous (see, for example, [13, Proposition 1.59]) and e2j converges weakly to 0. Therefore,
for each polynomial P ∈ P(c0) and for ‖z‖ < 1/8 we have∣∣P(e2k+1 + x)∣∣ sup
j∈N
∣∣P(e2k+1 − ke2j + x)∣∣ ‖P ‖Ck .
This means that e2k+1 + x ∈ (Ĉk)P(c0) ⊂ ÛP(c0) if ‖x‖ < 18 and (b) follows. 
In view of the previous example, one may wonder if there exists some kind of envelope of U
(necessarily smaller than the Hb-envelope) to which the extensions of functions in Hb(U) are
also of bounded type. The previous example together with Proposition 2.5 suggest that we cannot
expect the maximality property that envelopes are supposed to have. Let us see that even in the
framework of Riemann domains we do not have this special envelope. The following result is
widely known and follows from a straightforward connectedness argument (see, for example, [9,
Proposition 1.3]).
Lemma 2.9. Let (X,p), (Y, q) be connected Riemann domains spread over a Banach space E
and let u,v :X → Y be morphisms. Then either u(x) = v(x) for every x ∈ X or u(x) = v(x) for
every x ∈ X.
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those with the following property: functions of Hb(X) uniquely extend to functions in Hb(Y0).
We put Vn = δ(X)∪W ◦n , where Wn was defined in the proof of Theorem 1.2. We have seen that
the extension of every function in Hb(X) to Vn is of bounded type. The maximality of Y0 gives
morphisms νn :Vn → Y0 such that τ = νn ◦ in, where in :X → Vn is the inclusion for each n.
For m > n, the application νm|Vn :Vn → Y0 is a morphism, and since νn|U = νm|U = τ we have
νm|Vn = νn by Lemma 2.9. Therefore, if Y is the Hb-envelope of holomorphy of X, we can define
a morphism ν :Y → Y0 by ν(x) = νn(x) if x ∈ Vn. On the other hand, it is clear that we have an
Hb-extension morphism from X to Y0, so we have a morphism from Y0 to Y which is the inverse
of ν by Lemma 2.9. Therefore, such a Y0 must coincide with Y , the already defined Hb-envelope
of holomorphy of X. But we have seen that extensions to Y are not necessarily of bounded type.
3. Extending functions of bounded type to open subsets of E′′
In this short section we consider extensions of functions of Hb(U) to open sets in E′′ contain-
ing U . Let us start by defining the following variation of the set Uˇ that also considers elements
of the bidual:
Uˇ ′′ := {z ∈ E′′: there is some ϕ ∈ Mb(U) such that ϕ(f ) = f (z) for every f ∈ Hb(E)},
where f denotes the Aron–Berner extension of f [1]. Note that Uˇ = Uˇ ′′ ∩ E and Uˇ ′′ ⊂
π(Mb(U)) for every open set U . We also define for a U -bounded set A,
Â′′P(E) =
{
x′′ ∈ E′′: ∣∣f (x′′)∣∣ ‖f ‖A for every f ∈ P(E)}.
We set
Û ′′P(E) :=
⋃
n∈N
(Ûn)
′′
P(E).
Remark 3.1. We can prove as in Lemma 2.1 that if U is balanced then
Û ′′P(E) = Uˇ ′′.
Also, if E is symmetrically regular, then Û ′′P(E) can be identified with the connected component
of Mb(U) which intersects U .
Before we go on, let us make clear that we cannot expect Û ′′P(E) to be the largest open subset of
E′′ to which functions on Hb(U) extend. For example, take a nonreflexive Banach space E that is
complemented in its bidual E′′, say E′′ = E ⊕M . Denote by πE the projection to E. Then every
function f ∈ Hb(U) can be extended to f˜ ∈ Hb(U ×M) by f˜ = f ◦ πE . On the other hand, the
Hahn–Banach theorem shows that Û ′′P(E) ⊂ jE(coe(U))w
∗ (where jE is the canonical inclusion
of E in its bidual and coe(U) denotes the absolutely convex hull of U ). Thus, in general we can
extend to sets which are larger than Û ′′P(E). Things are different if we consider extensions that
coincide locally with the Aron–Berner extension.
2110 D. Carando, S. Muro / Advances in Mathematics 229 (2012) 2098–2121Definition 3.2. If W is an open connected subset of E′′ containing U , a continuous operator
e :Hb(U) → H(W) will be called an AB-extension operator if for some x ∈ U (and hence for
every x ∈ U ) there exists r > 0 such that e(f ) coincides with the Aron–Berner extension of f
on BE′′(x, r).
The following proposition shows that Û ′′P(E) can be seen as an AB-envelope of U , at least
for balanced open sets. This result can be seen as analogous to Theorems 2.2 and 2.4, modulo
Aron–Berner extensions, and the proof is similar, using Remark 3.1.
Proposition 3.3. Let U be a balanced open subset of a symmetrically regular Banach space.
(a) There exists an AB-extension operator from Hb(U) to H(Û ′′P(E)). The extension of each
function in Hb(U) is bounded on the sets Â′′P(E), for every U -bounded set A. Also, for
z ∈ Â′′P(E), we have δz ≺ A.
(b) If in addition U is bounded, extensions belong to Hb(Û ′′P(E)). Also, Û ′′P(E) is an Hb-domain
of holomorphy.
We remark that, if there exists an AB-extension operator e :Hb(U) → H(W) for some
W ⊂ E′′, then W must be a subset of Û ′′P(E). Indeed, if z ∈ W \ Û ′′P(E), just as in Theorem 1.2 we
can choose functions fn ∈ Hb(E) such that |f n(z)| > 1 and fn → 0 in Hb(U). Thus e(fn) → 0
in H(W), which is impossible since |e(fn)(z)| = |f n(z)| > 1 for all n.
Davie and Gamelin [10] showed that the Aron–Berner extension is an isometry from H∞(BE)
to H∞(BE′′). Later, it was shown in [15, Theorem 1.3] that if U is convex and balanced then
the Aron–Berner extension is isometric isomorphism from H∞(U) to H∞(int(Uw∗)), where
int(Uw∗) means the norm-interior of the weak-star closure of U in E′′. Moreover, Theorem 1.5
in [15] asserts that there exists an AB-extension morphism (in the sense of Definition 3.2) from
U to int(Uw∗). As a consequence, int(Uw∗) is contained in Û ′′P(E). The reverse inclusion is an
easy consequence of the Hahn–Banach theorem, so we have Û ′′P(E) = int(Uw
∗
) for any convex
and balanced U .
4. Density of finite type polynomials
In several complex variables, the holomorphic convexity of U , or U being a domain of
holomorphy, is equivalent to Mb(U) = δ(U). In our infinite dimensional setting this is not the
case unless E has very particular properties. These particular properties arise rather naturally.
If E is not reflexive, there are always elements of the bidual in the spectrum, so the equal-
ity Mb(U) = δ(U) cannot hold. On the other hand, if there are polynomials on E that are not
weakly continuous on bounded sets, there is much more than evaluations in the spectrum [3,5],
and so Mb(U) = δ(U) is impossible regardless of the reflexivity of E. We will formalize this
below, refining some results of [24,20].
Recall that a Tsirelson-like space is a reflexive Banach space on which every polynomial
is approximable (i.e., limit in norm of finite type polynomials). For Tsirelson-like spaces, it is
clear that Mb(E) identifies with E. In [24, Theorem 2.1], Vieira proved that if U is a balanced
Hb(U)-convex subset of a Tsirelson-like space, then Mb(U) = δ(U). This can be seen in the
following way. If every polynomial on E is approximable and U is balanced, then finite type
polynomials are dense in Hb(U). This implies that π is injective and Mb(U) is contained in
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have Mb(U) = δ(ÛP(E)). This last set coincides with U whenever U is Hb(E)-convex and, in
particular, when it is Hb(U)-convex. This shows [24, Theorem 2.1]. As a consequence of our
results, we can also show a kind of converse of this result.
Theorem 4.1. Let U be a balanced open subset of a Banach space E with the approximation
property. Then, Mb(U) = δ(U) if and only if U is Hb(U)-convex and E is a Tsirelson-like space.
Proof. If Mb(U) = δ(U), by Lemma 2.1 we have
δ(U) ⊂ δ(ÛP(E)) ⊂ Mb(U) = δ(U).
Therefore, ÛP(E) = U and U is P(E)-convex. Since U is balanced, then it is Hb(U)-convex
[24, Proposition 1.5]. With the same proof of Theorem 1.2 in [20], we can see that the equality
Mb(U) = δ(U) implies that E is reflexive and every polynomial on E is weakly continuous on
bounded sets. Now, since E is reflexive and has the approximation property, so does E′ and
polynomials on E are then approximable [2, Proposition 2.7].
The converse is the already mentioned Theorem 2.1 of [24]. 
As the previous theorem states, the equality Mb(U) = δ(U) is hard to achieve for domains
in an arbitrary Banach space E. This is mainly because Mb(U) cannot be, in general, identified
with a subset of E. But we know that Mb(U) can be projected on E′′ via π , so a natural question
is the following: suppose that U is Hb(U)- or Hb(E)-convex and E is reflexive. Is it true that
π(Mb(U)) = U? And if we drop off the reflexivity assumption, can we obtain something like
π(Mb(U)) = Uˇ ′′ instead? The answer relies on the density of finite type polynomials. Namely,
we will see that if there is a non-approximable polynomial on E, there are proper Hb(E)-convex
subsets U of E for which π(Mb(U)) is larger than Uˇ ′′, since it contains the whole space E.
In particular, if E is reflexive with the approximation property but not Tsirelson-like, there are
subsets U  E that are Hb(E)-convex satisfying π(Mb(U)) = E. First we state and prove the
following easy result.
Lemma 4.2. Let C and D be subsets of a Banach space E, one of them bounded. If there exist
a homogeneous polynomial P on E and ε > 0 such that |P(x) − P(y)| > ε for all x ∈ C and
y ∈ D, then the distance between C and D is strictly positive.
Proof. Let us assume that C is bounded and let R be the radius of a ball containing C. If ‖y‖ >
R + 1, then clearly ‖x − y‖ > 1 for all x ∈ C. On the other hand, the polynomial P is uniformly
continuous on the closed ball B(0,R + 1). Therefore, since |P(x) − P(y)| > ε for all x ∈ C,
y ∈ D, there must exist δ > 0 such that ‖x − y‖ > δ for x ∈ C, y ∈ D ∩ B(0,R + 1). This
completes the proof. 
If C is a bounded subset of U and D is E \U , then the existence of P and ε as in the lemma
ensures that C is U -bounded. We remark that the conclusion of the previous lemma does not
hold if C and D are unbounded. Consider for example in C2 the sets C = {(x, y): xy  1} and
D = {(x, y): y = 0}, together with the polynomial P(x, y) = xy.
Proposition 4.3. Suppose E′ has the approximation property. The following conditions are equiv-
alent:
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(ii) for every open subset U of E we have Uˇ ′′ = π(Mb(U));
(iii) for every open Hb(E)-convex subset U of E we have Uˇ ′′ = π(Mb(U)).
If the conditions do not hold, then there exists a proper subset U of E which is Hb(E)-convex
but which satisfies π(Mb(U)) ⊃ E.
Proof. (i) ⇒ (ii) Let z = π(ϕ) for some ϕ ∈ Mb(U). Since finite type polynomials are dense in
Hb(E) and Hb(E) continuously embeds in Hb(U), we have ϕ(f ) = f (z) for every f ∈ Hb(E),
where f denotes the Aron–Berner extension of f . As a consequence, z ∈ Uˇ ′′ by the very defini-
tion of this set. The reverse inclusion is easy.
Clearly, (ii) implies (iii).
(iii) ⇒ (i) If finite type polynomials are not dense in P(E), since E′ has the approximation
property, there must exist a K-homogeneous polynomial P which is not weakly continuous on
bounded sets [2, Proposition 2.7]. Define the set
U =
{
x ∈ E: Re(P(x))> 1
2
}
.
Let us see that U is Hb(E)-convex, then that Uˇ ′′ ∩E = U , and finally that π(Mb(U)) contains E.
We consider a fundamental sequence of U -bounded sets (Un)n as in (2). For fixed n ∈ N and
x ∈ Un we set
α =
(
1
2Re(P (x))
) 1
K
< 1.
We have Re(P (αx)) = αKRe(P (x)) = 12 , so αx does not belong to U . This means that ‖x −
αx‖ 1
n
, from which we get
1 −
(
1
2Re(P (x))
) 1
K
 1
n‖x‖ 
1
n2
,
and then
ηn := 12
(
n2
n2 − 1
)K
 Re
(
P(x)
)
. (5)
We have shown that Re(P (x)) ηn > 1/2 for all x ∈ Un. As a consequence, |e−P(x)| e−ηn for
all x ∈ Un and the same must hold for any x ∈ (̂Un)Hb(E). Therefore, Re(P (x)) − Re(P (y)) >
ηn −1/2 > 0 for all x ∈ (̂Un)Hb(E) and all y ∈ E \U . Since (̂Un)Hb(E) is clearly bounded, it turns
out to be U -bounded by Lemma 4.2. This holds for any n and we conclude that U is Hb(E)-
convex. By the definitions of the sets Uˇ ′′ and Uˇ we have Uˇ ′′ ∩E = Uˇ , and this last set coincides
with U , since U is Hb(E)-convex (see Lemma 2.1).
The final step is to show that E ⊂ π(Mb(U)). Take a weakly null net {xi}i∈I ⊂ SE such
that P(xi) is a real number greater than 1 for every i ∈ I . For x ∈ E, we can find λ > 0 such
that the bounded set {x + λxi}i∈I is actually U -bounded. Indeed, for each i ∈ I , the mapping
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for every i, we can choose λ large enough to get Re(P (x + λxi)) 1 for all i ∈ I . Fixed such λ,
for every y ∈ E \ U we have |P(x + λxi) − P(y)|  |Re(P (x + λxi)) − Re(P (y))|  1/2.
Lemma 4.2 ensures that {x + λxi}i∈I is U -bounded. Then {x + λxi}i∈I is contained in UN for
some N > 0. Since {xi}i∈I is weakly null, we have x ∈ UNw∗ and, by [8, Proposition 18], we
obtain x ∈ π(Mb(U)). This holds for any x ∈ E, so we conclude that E ⊂ π(Mb(U)). 
We end this section with a Banach–Stone type result. First we fix some notation. For an open
set U ⊂ E and a family A = (Ak)k of subsets of U with ⋃k Ak = U , we define as in [18,21]
H∞(A) = {f ∈ H(U): ‖f ‖Ak < ∞ for every k}.
This is a Fréchet algebra with the topology of uniform convergence on the Ak’s. If A is a fun-
damental system of U -bounded sets, then we have simply H∞(A) = Hb(U). Note that, if U is
a balanced subset of a symmetrically regular Banach space E, Proposition 3.3 states that every
function f ∈ Hb(U) can be extended to a function f ∈ H∞(U), where U = ((Ûk)′′P(E))k .
If V ⊂ F is an open set and we have a family B = (Bj )j of subsets of V such that⋃j Bj = V ,
we define the Fréchet algebra
H∞(B,A) = {g ∈ H(V,U): for each j, g(Bj ) is contained in some Ak}.
If A and B are fundamental systems of U -bounded sets and V -bounded sets respectively, then
H∞(B,A) is the algebra Hb(V,U) of holomorphic functions of bounded type from V to U .
We will say that a function g defined on a dual Banach space (with values in some topological
space) is locally w∗-continuous at some point if there exists a (norm) neighborhood of it such that
the restriction of the function to this neighborhood is w∗-continuous. A function is locally w∗-
continuous on an open set if it is locally w∗-continuous at each point of the set. Also, a function
between dual spaces is locally w∗-w∗-continuous if it is locally w∗-continuous when range space
is endowed with the weak-star topology.
In [24, Theorem 3.1] the following is proved: if E and F are reflexive Banach spaces, one of
them Tsirelson-like, and U ⊂ E, V ⊂ F are open balanced and P(E)-convex, then the following
conditions are equivalent:
(i) There exists a bijective mapping g :V → U such that g ∈ Hb(V,U) and g−1 ∈ Hb(U,V ).
(ii) The algebras Hb(U) and Hb(V ) are topologically isomorphic.
When the conditions are satisfied, then E and F are isomorphic Banach spaces. In [8, Corol-
lary 22] a similar result was proved for convex balanced open sets when every polynomial on
either E′′ or F ′′ is approximable. In which case it follows that E′ and F ′ are isomorphic.
We slightly improve these results with the Banach–Stone type result stated in Theorem 4.4. In
the rest of this section, (Uk)k and (Vj )j will stand for fundamental systems of U -bounded and V -
bounded sets respectively, and we define U = ((Ûk)′′P(E))k and V = ((V̂k)′′P(F ))k . In the following
theorem and lemmas, the bar indicates the AB-extension of a function to the corresponding open
subset of the bidual.
Theorem 4.4. Let E, F be Banach spaces, V ⊂ F , U ⊂ E open balanced subsets and sup-
pose that every polynomial on E′′ is approximable. If φ :Hb(U) → Hb(V ) is a Fréchet algebra
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and g−1 ∈ H∞(U ,V), both locally w∗-w∗-continuous, such that φf = f ◦ g for every f ∈
Hb(U). Conversely, if g is such a function then the operator φ :Hb(U) → Hb(V ) given by
φf = f ◦ g|V is a Fréchet algebra isomorphism.
In any of these cases, E′ and F ′ are isomorphic Banach spaces.
To prove this theorem we will need some preliminary results. Let V ⊂ F be a balanced subset.
Aron and Berner’s result [1, Corollary 2.1], together with the isometry proved by Davie and
Gamelin in [10], shows that there is an AB-extension operator f → f from Hb(V ) to H(W),
where W is the subset of E′′ given by
W =
⋃
x∈U
BE′′
(
x,dist(x,F \ V )). (6)
Moreover, the application δy′′(f ) := f (y′′) defines a continuous homomorphism on Hb(V ) for
each y′′ ∈ W .
Lemma 4.5. Let E, F be Banach spaces, V ⊂ F an open balanced subset and U ⊂ E open.
Suppose that φ :Hb(U) → Hb(V ) is a continuous, linear and multiplicative operator. Then
(a) the mapping g :W → E′′, defined by g(y′′) = π(δy′′ ◦φ) is holomorphic (where W is the set
defined in (6));
(b) if F is symmetrically regular, then the mapping g : V̂ ′′P(F ) → E′′, defined by g(y′′) = π(δy′′ ◦
φ) is holomorphic.
Proof. (a) Denote by θφ :Mb(V ) → Mb(U) the transpose of φ restricted to the spectra. Then
g is just the composition W δ−→ Mb(V ) θφ−→ Mb(U) π−→ E′′, which is well defined by the
comments above. If we take y′′ ∈ W and x′ ∈ E′, then g(y′′)(x′) = δy′′(φx′) = φx′(y′′).
Thus g is weak∗-holomorphic on W and therefore holomorphic (see for example [18, Exer-
cise 8D]).
(b) By Proposition 3.3 we can define g on V̂ ′′P(F ) and proceed as in the proof of (a). 
Lemma 4.6. Suppose that every polynomial on E is approximable and let F be symmetri-
cally regular. If V ⊂ F , U ⊂ E are open balanced subsets and φ :Hb(U) → Hb(V ) is a
continuous linear operator, then φ is multiplicative if and only if there exists a holomor-
phic function g : V̂ ′′P(F ) → Û ′′P(E) belonging to H∞(V,U) such that φf = f ◦ g for every
f ∈ Hb(U).
Proof. First we note that, if every polynomial on E is approximable, then E must be symmetri-
cally regular. Suppose that φ is multiplicative and let g be the mapping defined by Lemma 4.5(b).
Since every polynomial on E is approximable, the spectrum Mb(U) can be identified with Û ′′P(E),
thus g maps V̂ ′′P(F ) inside Û
′′
P(E). Also, the definition of g ensures that f (g(y
′′)) = φf (y′′) for
f ∈ Hb(U) and y′′ ∈ V̂ ′′P(F ). It remains to prove that g belongs to H∞(V,U). Suppose by con-
tradiction that, for some n0 ∈ N, g((V̂n0)′′P(F )) is not contained in any of the (Ûk)′′P(E)’s. So we
can choose, for each k, an element y′′k in (V̂n0)′′ such that g(y′′k ) is not in (Ûk)′′P(E). This means
that there are polynomials Pk ∈ P(E) such that ‖Pk‖U < 1/2k andk
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j=1
∣∣P j (g(y′′k ))∣∣.
Let f =∑Pk ∈ Hb(U). By Proposition 3.3, the function φf belongs to H∞(V). But this is a
contradiction, since for any k we have ‖φf ‖(V̂n0 )′′P(F )  |φf (y
′′
k )| = |f (g(y′′k ))| > k − 1.
The converse is immediate. 
Now we are ready to prove our Banach–Stone type result.
Proof of Theorem 4.4. Suppose that φ is an isomorphism and let g :W → E′′ be holomorphic
function given in Lemma 4.5(a). Our hypotheses imply that E is symmetrically regular, so we
can also consider h : Û ′′P(E) → F ′′ the holomorphic map obtained from the homomorphism φ−1,
using Lemma 4.5(b). Then h ◦ g is the composition
W
δ−→ Mb(V ) θφ−→ Mb(U) π−→ Û ′′P(E) δ−→ Mb(U)
θ
φ−1−−−→ Mb(V ) π−→ F ′′.
Since Mb(U) = δ(Û ′′P(E)), we have h◦g = idW and by differentiation, dh(g(0))◦dg(0) = idF ′′ .
This means that F ′′ is isomorphic to a complemented subspace of E′′, which implies that every
polynomial on F ′′ is approximable and, as a consequence, that F is symmetrically regular. Thus
we can use Lemma 4.6 to define g on V̂ ′′P(F ), and we have h ◦ g = idV̂ ′′P(F ) . Since polynomials
on F ′′ are approximable, so are polynomials on F , and then we have Mb(V ) = δ(V̂ ′′P(F )). Thus
g ◦ h = idÛ ′′P(E) which means that h = g−1. By Lemma 4.6, both g and g−1 belong to the cor-
responding H∞ algebras. They are also locally w∗-w∗-continuous. Indeed, for every x′ ∈ E′,
x′ ◦ g = φx′ is locally w∗-continuous since it is locally an Aron–Berner extension, and therefore
g is locally w∗-w∗-continuous on V . For g−1 we can proceed analogously.
Conversely, suppose that g is as above. If we define φf = f ◦g|V for f ∈ Hb(U) and ψh = h◦
g−1|U for h ∈ Hb(V ), then clearly φ :Hb(U) → Hb(V ) and ψ :Hb(V ) → Hb(U) are continuous
and multiplicative operators. Let us see that ψ = φ−1. For f ∈ Hb(U) we have
ψ ◦ φf = ψ(f ◦ g|V ) = f ◦ g|V ◦ g−1
∣∣
U
. (7)
Since every polynomial on E is approximable, Aron–Berner extensions coincide locally with
extensions by w∗-continuity and density. Therefore, f is locally w∗-continuous, and so is f ◦ g.
For z ∈ V̂ ′′P(F ), we can apply Lemma 2.1 of [4] to the restriction of f ◦ g to a suitable ball, to
obtain that dk(f ◦ g)(z) is a w∗-continuous polynomial for every k. By [25, Theorem 2] we can
conclude that dk(f ◦ g)(z) is in the image of the Aron–Berner extension, and thus f ◦ g|V =
f ◦ g. Substituting in (7) we obtain ψ ◦ φ(f ) = f . Similarly, we can show that φ ◦ψ(h) = h for
h ∈ Hb(V ).
It remains to prove that E′ and F ′ are isomorphic. As above, differentiating g ◦ g−1 at 0
we obtain that E′′ and F ′′ are isomorphic. An application of [4, Lemma 2.1] to the restriction
of y′′ → g(y′′)(x′) to a suitable ball, gives that the differential of g at any point is w∗-w∗-
continuous. The same holds for the differential of g−1 at any point. Therefore, the isomorphism
between E′′ and F ′′ is actually the transpose of an isomorphism between F ′ and E′. 
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more. In the following, the tilde denotes the extension of a function to the P(E)-hull as in
Theorem 2.2.
Corollary 4.7. Let E, F be Banach spaces, one of them Tsirelson-like, and let V ⊂ F , U ⊂ E
be open, balanced and bounded subsets. Then φ :Hb(U) → Hb(V ) is a Fréchet algebra iso-
morphism if and only if there exists a biholomorphic function g ∈ Hb(V̂P(F ), ÛP(E)) such that
g−1 ∈ Hb(ÛP(E), V̂P(F )) satisfying φ˜f = f˜ ◦ g for every f ∈ Hb(U). In which case E and F
are isomorphic Banach spaces.
The Tsirelson–James space T ∗J is not reflexive (it is not a Tsirelson-like space) but satisfies
the conditions of Theorem 4.4 by [11, Lemma 19].
5. On the spectrum of Hb(U)
A consequence of Example 2.8 is that the canonical extension of a function in Hb(U) to the
spectrum is not necessarily of bounded type. An application of the Closed Graph Theorem gives
an equivalent condition for these extensions to be of bounded type. Suppose U is an open subset
of a symmetrically regular Banach space. Then the canonical extension of every function in
Hb(U) to Mb(U) is of bounded type if and only if given any Mb(U)-bounded set B there exists
a U -bounded set D such that ϕ ≺ D for every ϕ ∈ B . See [14, Proposition 2.5] for a related
result.
In [5] the following inequality was implicitly shown:
sup
{
dist
(
A,Uc
)
: A ⊂ U, ϕ ≺ A} distMb(U)(ϕ), (8)
where the meaning of distMb(U) is given in (1). If for some U we have equality or at least a
reverse inequality with some constant, then extensions to Mb(U) would be of bounded type, as
a consequence of the above comments. We do not know of many examples in which extensions
to Mb(U) are of bounded type. A first example is to take U as c0 or any space E for which finite
type polynomials are dense in P(E) (the original Tsirelson space T ∗ is another example). In
this case we have Mb(E) = E′′ and the extension to the spectrum is the Aron–Berner extension,
which is of bounded type. More generally, if U is any bounded and balanced open subset of
such a space E, we have seen at the beginning of Section 4 that Mb(U) coincides with Û ′′P(E).
Therefore, Proposition 3.3(b) ensures that extensions to Mb(U) are of bounded type. On the other
hand, if E is any symmetrically regular Banach space, it was shown in [13, Proposition 6.30]
that the extension to the spectrum is of bounded type on each connected component of it. We
now show that, in spite of this fact, these extensions need not be of bounded type on the whole
spectrum.
Proposition 5.1. Let E be a symmetrically regular Banach space and suppose there exists a
continuous n-homogeneous polynomial P on E which is not weakly continuous on bounded sets.
Then the canonical extension of P to the spectrum Mb(E) is not of bounded type.
Proof. By [7, Corollary 2], the restriction of P to some ball is not weakly continuous at 0. Then,
we can take a weakly null bounded net (xα)α∈ and ε > 0 such that |P(xα)| > ε for every α ∈ .
For each k ∈ N, let ϕk ∈ Mb(E) be an adherent point of the net {δkxα }α∈. Since (kxα)α∈ is
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that the set {ϕk: k ∈ N} is Mb(E)-bounded. However, |P˜ (ϕk)| = |ϕk(P )| > knε, and therefore P˜
is not of bounded type on Mb(E). 
Most classical Banach spaces admit polynomials satisfying the hypotheses of Proposition 5.1,
exceptions being c0 and the original Tsirelson space T ∗. For E = p we simply take P(x) =∑
xnj for some n > p. Recall that the open set in Example 2.8 was neither bounded nor convex,
so one might ask if for the unit ball of a symmetrically regular Banach space things are easier.
We do not know if in this case extensions to the spectrum are of bounded type, but we can answer
for the negative the question on the reverse inequality in (8): fixed 1 <p < ∞, there cannot be a
constant c > 0 such that sup{dist(A,Bcp ): ϕ ≺ A} c distMb(Bp )(ϕ) for every ϕ ∈ Mb(Bp ).
For the following proposition, we recall once again some facts on the analytic structure of
Mb(U) from [5], this time for the specific case U = Bp , with 1 < p ∞. Fix ϕ ∈ Mb(Bp ). If
ϕ ≺ rBp for some 0 < r < 1, then the homomorphism ϕz ∈ Mb(Bp ) given by
ϕz(f ) =
∞∑
n=0
ϕ
(
y → d
nf (y)
n! (z)
)
is defined for any z ∈ p with ‖z‖ < 11−r (for the case p = ∞, for any z ∈ ′′∞). In fact, in-
equality (8) is a consequence of this: since ϕz(f ) is defined whenever ‖z‖ < 11−r , we have
distMb(Bp )(ϕ) 
1
1−r , which is precisely the distance from rBp to p \ Bp . In the sequel, for
ϕ ∈ Mb(Bp) we define S(ϕ), the sheet of ϕ, as the connected component of Mb(Bp) that con-
tains ϕ.
Proposition 5.2. If 1 <p < ∞, then for each δ > 0 there exists ϕ ∈ Mb(Bp) such that
sup
{
dist
(
A,Bcp
)
: ϕ ≺ A}< δ distMb(Bp )(ϕ).
In other words, there is no reverse inequality in (8).
Proof. For each 0 < s < 1, let ϕs ∈ Mb(Bp) be an adherent point of the set {δsen}n. Take a
natural number m>p and define
gN(x) =
(∑
k
(
xk
s
)m)N
.
Then ϕs(gN) = 1 for all N ∈ N. If 0 < r < s, we have
‖gN‖rBp 
(
r
s
)mN
→ 0
as N → ∞. Thus ϕs ⊀ rBp for r < s, and since we clearly have ϕs ≺ sBp , we obtain
sup{dist(A,Bcp ): ϕs ≺ A} = 1 − s.
On the other hand, take z ∈ p with ‖z‖p < 1 − sp . We can choose ε > 0 and n0 ∈ N such
that the set A = {λz + sen: |λ| = 1 + ε, n n0} is Bp -bounded. By Cauchy’s inequalities we
have
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∣∣∣∣ 1(1 + ε)k sup|λ|=1+ε
∣∣f (sen + λz)∣∣ 1
(1 + ε)k ‖f ‖A.
Therefore,
∞∑
k=0
∣∣∣∣ϕs
(
dkf (·)
k! (z)
)∣∣∣∣ 1 + εε ‖f ‖A,
which shows that ϕzs is a well defined and continuous homomorphism, that is, an element of
Mb(Bp). Hence, distMb(Bp )(ϕs) (1 − sp)1/p .
Now, 1 − s goes to 0 faster than (1 − sp)1/p as s → 1−, so the result follows. 
In the proof of the previous proposition we have shown that S(ϕs) contains the set{
ϕzs : z ∈
(
1 − sp)1/pBp},
which can be thought of as a ball around ϕs . For p ∈ N, Proposition 5.4 below shows that these
two sets actually coincide. This means that for any ϕ ∈ Mb(Bp ) defined as in the proposition,
the sheet of ϕ is (via π ) a copy of a centered ball of radius strictly smaller than one. Therefore,
Mb(Bp) cannot be seen as a union of disjoint copies (via π ) of Bp , as one might have thought
from the case U = E, where Mb(E) is a disjoint union of analytic copies of E′′.
Definition 5.3. For 0 < r < 1, we will say that ϕ is an r-block homomorphism on Hb(Bp) if ϕ
is an adherent point in Mb(Bp) of evaluations at the elements of a block basic sequence (xn)n∈N
with ‖xn‖ = r .
Since block bases are weakly null, any r-block homomorphism belongs to π−1(0). Also,
adherent points of a block basic sequence (yn)n∈N in the unit ball of p with ‖yn‖ → r are r-
block homomorphisms, since they are also adherent points of (ryn/‖yn‖)n∈N. Now we describe
the sheet of an r-block homomorphism.
Proposition 5.4. Let p be a natural number greater than 1 and, for 0 < r < 1, let ϕ be an r-block
homomorphism on Hb(Bp ). Then
S(ϕ) = {ϕz: ‖z‖p + rp < 1}.
Proof. We take (xn)n a block basic sequence with ‖xn‖ = r such that ϕ is an adherent point of
(δxn)n. Proceeding as in the proof of Proposition 5.2 (with xn in the role of sen), we can show
that ϕz is a well defined homomorphism for ‖z‖p < 1 − rp . This gives one inclusion.
For the reverse inclusion, (xn)n is a block basic sequence, so there exist a sequence (αk)k ⊂ C
and finite subsets Jn of N with maxJn < minJn+1 such that
xn =
∑
k∈Jn
αkek for all n 1.
Suppose ‖z‖p > 1 − rp . Since ‖xn‖ = r for every n ∈ N, there are some δ > 0 and M ∈ N such
that for all n >M ,
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M∑
k=1
|zk|p +
∑
k∈Jn
|zk + αk|p −
∑
k>M
k/∈Jn
|zk|p
∣∣∣∣∣> 1 + δ.
Let us define fN(x) = (∑∞k=1 θkxpk )N , where θk is a modulus one complex number with θkzpk =|zk|p for 1 k M , θk(zk + αk)p = |zk + αk|p for k ∈ Jn with n > M , and θk = 1 otherwise.
The sequence {fN : N ∈ N} is bounded in Hb(Bp ), since it consists of norm one homogeneous
polynomials. Also, for n >M we have
∣∣fN(z + xn)∣∣
∣∣∣∣∣
M∑
k=1
|zk|p +
∑
k∈Jn
|αk + zk|p −
∑
k>M
k/∈Jn
|zk|p
∣∣∣∣∣
N
> (1 + δ)N .
Since fN is a polynomial, ϕz(fN) = ϕ(fN(z + ·)), which is a limit point of (fN(z + xn))n.
Therefore, |ϕz(fN)| (1 + δ)N , which implies that ϕz cannot be a continuous homomorphism
on Hb(Bp). We have shown that S(ϕ) ⊂ {ϕz: ‖z‖p + rp  1}. Since S(ϕ) is open and π is a
local homeomorphism, we have the desired inclusion. 
Now we show that if we restrict ourselves to a distinguished part of the spectrum of Bp , with
p a natural number greater than 1, then the extension of every function in Hb(Bp ) is of bounded
type. Let us define the subdomain M0b (Bp ) of Mb(Bp) as the union of the sheets of all r-block
homomorphisms. All adherent points of the sequence (δren)n with 0 < r < 1 are r-block ho-
momorphisms, so the number of connected components of M0b (Bp ) has at least the cardinality
of βN. Moreover, it is not clear that there are morphisms in Mb(Bp ) that are not in M0b (Bp )
(though to assert such a thing one should be able to prove of a really strong Corona theorem for
Hb(Bp)). One might argue that morphisms in Mb(Bp) can be built from sequences that are not
blocks, or even with nets, but we cannot ensure that those do not have an alternative representa-
tion as r-block homomorphisms. Anyway, M0b (Bp ) is a relatively large part of Mb(Bp), where
“relatively” should be understood as “up to our knowledge”.
Our distinguished spectrum M0b (Bp ) is an open subset of Mb(Bp), since it is the union
of some connected components of Mb(Bp ). Thus M0b (Bp ) is a Riemann domain over p and
every function f ∈ Hb(Bp ) extends to a holomorphic function f˜ on M0b (Bp ). Also, we have
distM0b (Bp )(φ) = distMb(Bp )(φ) for any φ ∈ M
0
b (Bp ). We now show that this extension is of
bounded type.
Proposition 5.5. Let p be a natural number greater than 1, then the canonical extension f˜ of
any f ∈ Hb(Bp ) to M0b (Bp ) is of bounded type.
Proof. Given ε > 0 we consider the M0b (Bp )-bounded set
A = {φ ∈ M0b (Bp ): distM0b (Bp )(φ) > ε}.
By Proposition 5.4, A intersects the sheet of an r-block homomorphism ϕ if and only if
1 − rp > εp . Moreover, for such ϕ and r we have
A∩ S(ϕ) = {ϕz: (‖z‖ + ε)p + rp < 1}.
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z with (‖z‖ + ε)p + rp < 1. Since (xn)n is a block sequence of elements of norm r , there exists
n0 such that for n n0 we get
‖z + xn‖p < ‖z‖p + ‖xn‖p + εp/2 <
(‖z‖ + ε)p + ‖xn‖p − εp/2 < 1 − εp/2. (9)
If we set R = (1 − εp/2)1/p , Eq. (9) shows that {xn + z: n  n0} is contained in RBp .
From this we conclude that ϕz ≺ RBp . Now, R depends only on ε, and any φ ∈ A is of
the form ϕz as above. Therefore, the extension f˜ to M0b (Bp ) of any f ∈ Hb(Bp ) satisfies
‖f˜ ‖A = supφ∈A |φ(f )| ‖f ‖RBp < ∞. This completes the proof. 
The homomorphisms shown in Proposition 5.2 actually belong to M0b (Bp ), since they are
adherent points of evaluations in multiple of elements of the canonical basis. As a consequence,
we see that there is no reverse inequality in (8) even if we restrict ourselves to M0b (Bp ). On the
other hand, Proposition 5.5 shows that extensions to M0b (Bp ) are of bounded type. One may then
think that, if there are functions in Hb(Bp ) whose extensions to Mb(Bp) fail to be of bounded
type, their existence will probably not be based on the absence of the reverse inequality in (8).
Finally, since by Proposition 5.4 the connected components of M0b (Bp ) are balls, we have
the following corollary, which could also be deduced from the last proposition, proceeding as in
the proof of [14, Proposition 2.4]:
Corollary 5.6. If p is a natural number greater than 1, then M0b (Bp ) is an Hb-domain of holo-
morphy.
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